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Abstract. The T-adic exponential sum associated to a Laurent poly- 
nomial in one variable is studied. An explicit arithmetic polygon is 
proved to be the generic Newton polygon of the C-function of the T-adic 
exponential sum. It gives the generic Newton polygon of //-functions of 
p-power order exponential sums. 



1. Introduction 

Let W be the ring scheme of Witt vectors, ¥ q the field of characteristic p 
with q elements, Z q = W(¥ q ), and Q q = Z ? [±]. 

Let A D {0} be an integral convex polytope in R n , and I the set of 
vertices of A different from the origin. Let 

f(x) = (a u x u , 0, 0, • • • ) € W(¥ q [xf, ■■■ , x* 1 ]) with ]Ja u ^0, 

where x u = x\ x ■ ■ ■ x% n if u = {u\, ■ ■ ■ , u n ) G 7L n . 
Let T be a variable. 

Definition 1.1. The sum 

S f {k,T) = ^ (1 + T ) Tr V /z P (/(:c)) e Zp [[T]] 
*e(F x fe )" 



is call a T-adic exponential sum. And the function 

k 



fc=i 

is called an L-function of T-adic exponential sums. 

We view Lf(s, T) as a power series in the single variable s with coefficients 
in the T-adic complete field Q p ((T)). Let ( p m be a primitive p m -th root of 
unity, and 7r m = £ p m — 1. Then Lf(s,TT m ) is the L-function of the p-power 
order exponential sums Sf(k,TT m ) studied by Liu- Wei [LW]. 
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Definition 1.2. The function 

OO 

C f (s,T) = C f (s,T;¥ q ) = exp(^-(g fc - l)~ n Sf(k,T)j) 

k=l 

is called a C -function ofT-adic exponential sums. 
We have 

n 

L f (s,T) = l[C f ( q %T)(-^(-) } 

and 

oo 

c f (s,T) = n Ws ,T)^ 1 ( n+ n. 

So the C-function Cf(s,T) and the L-function Lj(s,T) determine each 
other. From the last identity, one sees that 

C f (s,T)el + sZ p [[T]}[[s]]. 

We also view Cf(s,T) as a power series in the single variable s with coef- 
ficients in the T-adic complete field Q P ((T)). The C-function Cf(s,T) was 
shown to be T-adic entire in s by Liu- Wan [LWn] . 

Let C(A) be the cone generated by A, and M(A) = M(A) n Z n . There 
is a degree function deg on C(A) which is M>o-hnear and takes the values 
1 on each co-dimension 1 face not containing 0. For a £ C(A), we define 
deg(a) = +oo. 

Definition 1.3. A convex function on [0,+oo] which is linear between con- 
secutive integers with initial value is called the infinite Hodge polygon of A 
if its slopes between consecutive integers are the numbers deg(o), a € M(A). 
We denote this polygon by . 

Liu- Wan [LWn] also proved the following. 

Lemma 1.4. We have 

T - adic NP ofC f (s,T) > ord p {q){p - 1)H%, 

where NP stands for Newton polygon. 

Definition 1.5. The T a -adic Newton polygon of Cf(s,T;¥ p a) is called the 
absolute Newton polygon of Cf(s,T;¥ p a). 

Conjecture 1.6. If p is sufficiently large, then the absolute T-adic Newton 
polygon ofCf(s, T) is constant for a generic f . We call it the generic Newton 
polygon ofC f (s,T). 

Definition 1.7. The n^-adic Newton polygon of Cf(s,7r m ;¥ p a) is called the 
absolute Newton polygon of Cf(s,ir m ;¥ p °.). 
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Combine results of Gelfand-Kapranov-Zelevinsky [GKZ], Adolphson-Sperbe 
[AS], Liu- Wei [LW] with Grothendieck specialization lemma [Ka], the abso- 
lute Newton polygon of C/(s, 7r m ) is constant for a generic /. We call it the 
generic Newton polygon of Cf(s, 7r m ). 

Conjecture 1.8. If p is sufficiently large, then the generic Newton polygon 
of Cf(s,TT m ) is independent of m, and coincides with the generic Newton 
polygon ofC f (s,T). 

The generic Newton polygon of Cf(s,7r m ) for m = 1 was studied by 
Wan [Wal,Wa2]. 

In the rest of this section we assume that AcZ, 

Definition 1.9. Let M(A). We define 

$ (•■)_/ 1' {deg(a)} = {deg(pi)} for some i with ia > 0, deg(i) < {deg(a 
e ^ ' 1 0, otherwise, 

where {•} is the fractional part of a real number. We also define <5 e (0) = 0. 

Definition 1.10. A convex function on [0, +oo] which is linear between 
consecutive integers with initial value is called the arithmetic polygon of 
A if its slopes between consecutive integers are the numbers 

wa(o) = f(p-l)deg(a)l -<5 e (a),aeM(A), 

where [•] is the least integer equal or greater than a real number. We denote 
this polygon by p/\ . 

We can prove the following. 

Theorem 1.11. We have 

PA>(p-l)H%. 

Moreover, they coincide at the point Vol(A). 

Let D be the least common multiple of the nonzero endpoint(s) of A. 
The main results of this paper are the following theorems. 

Theorem 1.12. If p > 3D, then 

T - adic NP ofC f (s,T) > ord p (q)p A . 

Theorem 1.13. Let f(x) = Yl (a u x u ,0,0, - ■ ■), and p > 3D. Then there 

is a non-zero polynomial H{y) €¥ q [y u \ u G A] such that 

T — adic NP of Cf(s,T) = ord p (q)p/\ 

if and only if H((a u ) ue &) / 0. 

The above theorem implies Conjecture 11.61 for AcZ, 
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Theorem 1.14. Let f(x) = (a u x u , 0, 0, • ■ ■ ), p > 3D, and m > 1. Then 

■K m - adic NP ofCf(s,ir m ) = ord p (q)pA 
if and only if H((a u ) ueA ) / 0. 

The above theorem implies Conjecture [L8] for AcZ. 

Note that, if p \ D, then L(s, 7r m ) is a polynomial of degree p m_1 Vol(A) 
for all m > 1 by a result of Adolphson-Sperber [AS] and a result of Liu- 
Wei [LW]. We shall prove the following. 

Theorem 1.15. Let f(x) = (a u x u , 0, 0, • • • ), and p > 3D. Then 

uGA 

vr m - adic NP ofL f (s,ir m ) > ord p {q)p A on [O^^Vo^A)] 

with equality holding if and only if H((a u ) u( z/\) ^ 0. 

Zhu [Zhl, Zh2] and Blache-Ferard [BF] studied the Newton polygon of 
the L-function Lf(s, 7r m ) for m = 1. 

2. Arithmetic estimate 

In this section A C Z, A is a finite subset of M(A) x Z/(6), and r is a 
permutation of A. We shall estimate 

^[deg(pa - r(a)], 

where deg(i,w) = deg(z). 

However, except in the ending paragraph, we assume that A = [0, d], A 
is a finite subset of {1,2, • • • } x Z/(6). 

Write 

{x} =1 + x _r x]= | ^ if{x} = . 
Lemma 2.1. W^e /iai>e 

m 

J>< - f 6 )(a) = #{1 < a < d{^Y | {^}' < {^}'}, 

a=0 

r i /ay < smv 

v ; [0, otherwise. 

Proof. Note that both <5 g and 5 < have a period ci and have initial value 0. 
So we may assume that m < d. We have 

m m a— I 

5>(«) = £ E 1 

a=0 a=l i=l 

pisa(d) 
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771—1 771 

= ^2 ^2 1 = #{1 <i < m\ i < d{^} <m}. 



i = l a— i + 1 

pi=a(d) 



And, by definition, 

777 

Y / S < (a) = #{l<a<m\a<d{^}}. 

a=0 



d 

The lemma now follows. □ 



Lemma 2.2. Let A,B,C be sets with A finite, and r a permutation of A. 
Then 

#{a G A | r(a) G B,a G C] 
> #{ a G A | a G £, a G C} - #{a G A \ a G" B, a C}. 
Proof. We have 

#{a Gi|aGB, r(a) G B, a G C} 
>#{a€i|aeB,aGC}- #{a G i | a € fi, r(a) £ B}, 

and 

#{a e i | a ^ 5, r(a) G B, a G C} 

>#{flGi|a^B, r(a) G 5} - #{a G .4 | a B, a C}. 
Note that 

#{a€in_B| r(a) G" i?} = #{a € A\B \ r(a) G S}. 

So 

#{a G i | r(o) G B,a G C} 

>#{aeA\aeB,aeC}-#{aeA\a£B,agC}. 
The lemma is proved. □ 

For a G A : we define 



1, {deg(r(a))} / < {pdeg(a)}', 
0, otherwise. 



Theorem 2.3. If p > 3d, and 

A = ({!,-■■ ,m-l} xZ/(6))U{(m,»o),-- - ,(m,^_i)}, 

m— 1 

a£A a=0 



6 CHUNLEI LIU, WENXIN LIU, AND CHUANZE NIU 

Proof. First we assume that 1 = 0. We have 

E 5 <(«) > #i a e A{deg(r(a))}' < {^^Y < {pdeg(a)}'}. 
Applying the last lemma with 



and 



Ttl — 1 

B = {ae A,{deg(o)}'<{^-}'}, 

777 — 1 

C = {a G A,{^-}' < {pdeg(a)}'}, 



we get 

E 5 <(°) ^ e A{deg(a)}' < { !! ^}' < {pdeg(a)}'} 

at=A 

777 — 1 

-#{a € A,{deg(a)}' > {^~Y > {pdeg(a)}'}. 



We have 



#{a G A{deg(a)}' < { ! ^}' < {pdeg(a)}'} 
, /r m, , ,, , ,m — 1 , , . r m — 1 , , r pa^.^ 

= M[ 7 l + i)#{i <*<■*{— } 'u— Y<{%n 

We also have 

777 — 1 

#{o € A,{deg(a)}' > {-j-}' > {f>d e g(a)}'} 

= >«><i{^}' I {^}'>{^}'}- 

. M>{1£o ,^ y|{ ^ y<{?n . 
It follows that 

£ ^(a) > < a < d{^y i < {^}'} 

m— 1 

>bJ2(S<-S e )(a). 

a=0 

Secondly we assume that <5 g (m) = 0. Extend the action of r trivially 
from A to {1, ■ ■ ■ , m} x Z/(6). By what we just proved, 

m 

£ <^(a)>&X><-* 6 )(o). 

oe{l,— ,m}xZ/(6) a=0 

It follows that 

6 <( a ) > fe I>< - ^x«) - (6 - o*<m 

aeA a=0 
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m— 1 

>6^(,5 < -5 e )(a) + /( ( 5 < -5 e )(m). 

a=0 

Finally we assume that <5g(m) = 1. We have 



in — 1 . 

Applying the last lemma with 



> G A{deg(r(a))}' < {^~}' < {pdeg(a)}'}. 



TD — 1 

B = {aeA,{deg(a)y <{^-}'}, 

and 

777 — 1 

C = {a e A,{^-}> < {pdeg(a)}'}, 

we get 

^ #i« G A,{deg(a)}' < { ! ^}' < frdeg(a)}'} 

aeA 

Tfl — 1 

-#{a e A{deg(a)}' > {-^-}' > {pdeg(a)}'}. 

We have 

777 — 1 

#{o 6 A,{deg(o)}' < {—j-}' < {pdeg(a)}'} 

= (,(9 + i) #{ i < a < uVLzly | { Hzly < { ^y } . 

We also have 

777 — 1 

#{a G A{deg(a)}' > {^-}' > {pdeg(a)}'} 

,r"i n ,, r , ,.m-l,, ,771 — 1-,, .pa 1( . 

= &[-]#{<* > a > d{ — }' | {_}' > { P -}>} + Il^y^j,. 

= 6[^]#{1 < a < I {^}' < }'} + ll { ^i yH ^y 

It follows that 

^(a) > < a < | {^-} < {^} } 

aeA 

m— 1 



— Zlrm-ij^rpwj, > 6 (<5< - 5 e )(o) + Z(<5< - <5 G )(m). 

a=0 

The proof of the theorem is completed. □ 
Theorem 2.4. If p > 3d, A is of cardinality bin + I with < I < b, then 
^([pdeg(a)] - [deg(a)] + 5<(a)) > bp A (m) + lw(m). 

Moreover, the strict inequality holds if A is not of the form 

({!,-•• ,m-l} xZ/(f»))u{(m,i ), - ,(m,ij_i)}. 



r(a), a ^ r Vo), 
r(a ), a = T _1 (a ). 
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Proof. We may assume that A is not of the form 

({1, • • • , m - 1} x Z/(6)) U {(m, io), • • • , (m, ij-i)}. 
There is an element ao € A with deg(ao) > deg(m). Set A' = ^4 \ {ao} and 

r'(a) = 

Then 

]T(bdeg(a)l-rdeg(a)l+^(a)) 
> ^(rpdeg(a)] - [deg(a)l +5j(o)) + tJ7(m). 

aeA' 

The theorem now follows by induction. □ 

We now assume that AcZ, and A is a finite subset of M(A) x Z/(6). 
For an integer m > 1, we define 

A m = {ie M (A) | ro(a) < p A M - PaO - 1)}. 
Theorem 2.5. If p > 3D, i/ien 

^[deg(pa - r(a))] > bp A (m). 

Moreover, the strict inequality holds if m is a turning point of p/\, and 
A^A m xZ/(b). 

Proof. We define sgn((i,u)) = sgn(i). Write 

Ai = {aeA\ sgn(a) = (-1)*}, 

and 

Mj = {aeA\ sgn(a) = sgn(r(o)) = (-1)''}. 

Define a new permutation tq as follows: 

• tq is identity on ^4o- 

• tq = t on An and ^22- 

• ro maps A\ \ An to A\ \ t{A\). 

• r maps A 2 \ A 22 to A 2 \ t(A 2 ). 

We have 

\deg(pa-r(a))] > ^([pdeg(a)l-[deg(r (a))l+l {dcg(To(a)) y <{ p dc g (a ) } /). 

a£A a£A 

The theorem now follows the last one. □ 
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3. The T-adic Dwork Theory 

In this section we review the T-adic analogue of Dwork theory on expo- 
nential sums. 
Let 

oo p i +00 

E(t) = exp(]T — ) = Y W e 1 + tZ pM 

i=0 P i=0 

be the p-adic Artin-Hasse exponential series. Define a new T-adic uni- 
formizer ir of Q P ((T)) by the formula E(ir) = 1 + T. Let tt 1 ^ be a fixed 
D-th root of it. Let 

L = { Ciir^x': a G % q [W lD ]]}. 

i£M(A) 

Let a 1— > a be the Teichmiiller lifting. One can show that the series 
E f (x) := Yl E^aiX 1 ) G L. 

Note that the Galois group of Q q over Q p can act on L but keeping tt 1 / as 
well as the variable x fixed. Let a be the Frobenius element in the Galois 
group such that <r(£) = ( p if C is a (q ~ l)-th root of unity. Let ^ p be the 
operator on L defined by the formula 

\&p( ^ ^ C{X ) ^ ^ Cp{X . 

iGM(A) iGM(A) 

Then , f:=o' _1 o<I'poi?j acts on the T-adic Banach module 

B = { Y c i Ti dcs ^x i G L, ord T (a) -» +c» if deg(i) -» +00}. 
ieM(A) 

We call it Dwork's T-adic semi-linear operator because it is semi-linear over 
Z,[[tt£]] . 

Let 6 = log p g. Then the 6-iterate ^f b is linear over Z^-h" 1 / ]], since 

b-i 

V b = q> b p oY[Ef{x pi ). 

i=0 

One can show that '3/ is completely continuous in the sense of Serre [Se] . So 
det(l - V b s I J3/Z g [[7r£]]) and det(l - *s | 5/Zp[[vri]]) are well-defined. 
We now state the T-adic Dwork trace formula [LWn]. 

Theorem 3.1. We have 

C f (s,T) = det(l - ^ b s I B/Z q [[irTf]]). 
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4. The Dwork semi-linear operator 

Write 

E f( x )= Yl ^1 

ieM(A) 

and 

+00 

det(l - I B/Zp[[irv]]) = ^(-1)^. 

Let 0(ir a ) denotes any element of 7r-adic order > a. In this section we prove 
the following. 

Theorem 4.1. Let p > 3-D. Then 

ord n (c bm ) > bpA(m). 
Moreover, if m < Vol(A) is a turning point ofp&, then 

c bm = ±Norm(det( 7pi _ i )ij e A m ) -f O^aM+V^ 
where Norm is the norm map from Q^vr 1 /- ) to Q p (vr 1 / £) ). 

Proof. Fix a normal basis £ u , u £ Z/(b) of ¥ q over F p . Let £ u be their Ter- 
chmiiller lift of £ u . Then £ u , u € Z/(6) is a normal basis of Q q over Q p , and a 
acts on the basis , u 6 Z/ (6) as a permutation. Let (j(i, u ),(j,u}))i,jeM(A),i<u,tj<b 
be the matrix of on S<8>z p Q p (vr 1//D ) with respect to the basis {£ u x l }ieM(A),i<u<b- 
Then 

Cbm >«)>(3>w)€j4J) 

where ^4 runs over all subsets of M(A) x Z/(6) with cardinality 6m. One 
can show that 

det (7i,i)i,ie,4 m xZ/(6) = ±Norm(det((7 pi _ j )i ijeAm )). 
Therefore the theorem follows from the following. □ 

Theorem 4.2. Let A C M(A) x Z/(6) 6e a subset of cardinality bra. If 
p > 3D, then 

ord T (det(7 ( j iU ) i ( J>) ) (iiU ) i ( J>)eA ) > bp A (m). 

Moreover, if m < Vol(A) is a turning point of pa, and A ^ A m x Z/(6), 
then the strict inequality holds. 

Proof, one can show that 7$ = 0(7r^ dcg ^). And, from the equality 

6 

(^Tpr-iT = ^7(rynj),(Z/u)£w, 

U)=l 

we infer that 

7iJ = 0{^ dcg{pi ~ m ). 
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So we have 

X] OI ^ha,r(a)) > ^2\deg(pa - r(a))] > bp A {m). 

a€A a£A 

Moreover, if m is a turning point of pa, and A ^ A m x 7* /(b), then the strict 
inequality holds. □ 

5. The Hasse polynomial 
In this section we study det{jpi-j)i,j & A m - 

Definition 5.1. For each positive integer m, we define to be the set of 

permutations t of A m satisfying r(0) = 0, and 

,, T ^ a ] u > deg(pa) - fdeg(pa) - deg(n)], a / 0, 
d(sgn(a)j 

where n is the element of maximal degree in A m n (sgn(a)N). 

Lemma 5.2. Let p > 3D, m < Vol(A) a turning point of p/\, and r a 
permutation of A m . Then 

^2 \deg(pa - r(o))] >PaH, 

aeAm 

with equality holding if and only if r 6 S 1 ^ . 

Proof. We assume that M(A) = N. The other cases can be proved similarly. 
In this case, sgn(a) = +1 if a 7^ 0, and the element n of maximal degree in 
A m n sgn(a)N is m — 1. Let (i be the nonzero endpoint of A. For a = 0, we 
have 

\deg(pa - r(a))l >0 
with equality holding if and only if r(a) = 0. For a 7^ 0, we have 

pa - r(a) > pa - n 
d ~ d 
with equality holding if and only if 

r(a) pa pa — n 
- T ~ 1 d 

It follows that 

n 

[deg(pa - r(a))l > ^[deg(pa - n)] = p/\{m) 

a(zA m a=l 

with equality holding if and only if r £ S^. The theorem is proved. □ 
Lemma 5.3. W^e Ziawe 

7i = ^Wl £ ]J X„ ay' + 0(^c g (*)l+i). 

jeA 
£ Wj = r<ieg(z)l 
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Proof. We have 

E n j 

n= ri A " "/- 

J2 jnj=i,rij>0 jeA 

We also have that 

jeA jeA 
The lemma now follows. □ 

Definition 5.4. For each positive integer m, we define 

H m {y) = s ^(t) n E II x ^y? € z ^ 1 j e A i- 

rG^Oj i&A m Y. jnj=pi-T(i) j&A 

E n^=fdeg(pi-T(i))] 

36A 

Theorem 5.5. Lei p > 3D, and m < Vol(A) a turning point of p/\. Then 

det( 7pi - J )i J eA m = JW^-eAK^ + 0(7r^ m ) +1 / D ). 
Proof. Let 5 m be the set of permutations of ^4 m . We have 
det (7i»-j)t,jeA m = 2J II Tpi-r(i)- 

The theorem now follows from the last two lemmas. □ 

Definition 5.6. T/ie reduction of H m modulo p is denoted as H m , and is 
called the Hasse polynomial of A at m. 

Theorem 5.7. If p > 3D, and m < Vol(A) is a turning point of pa, then 
H m is non-zero. 

Proof. Define deg(y,) = |j|. Then 



riiUj 



has degree 



n e n v, 

l&Am Y. jn i =pi-r(i) jeA 

2 nj = rdeg(pi-T(i))l 



> (p - 1) E s S n ( i )^' 
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with equality holding if and only if r preserves the sign. Therefore it suffices 
to show that the reduction of 

E^)ii e n^?, 

22 nj=fdeg(pi-T(i))l 

where consists of the sign-preserving permutations of 5^, is nonzero. 
One can can prove this by the maximal-monomial-locating technique of Zhu 
[Zhl], as was used by Blache-Ferard [BF]. □ 

Definition 5.8. We define H = \\ m H m , where the product is over all 
turning points m < Vol(A) of p/\. 

Theorem 5.9. If p > 3D, then H is non-zero. 

Proof. This follows from the last theorem. □ 

6. Proof of the main theorem 

In this section we prove the main theorems of this paper. 

Lemma 6.1. The Newton polygon o/det(l — ^> b s b | 5/Z 9 [[7ro]]) coincides 
with that o/det(l - ^s \ B/Z p [[tt^}}). 

Proof. Note that 

det(l - tf 6 s | B/Z p [[ttT?]]) = Norm(det(l - ^ b s \ B/Z q [[nT>]])), 

where Norm is the norm map from Z g [[7ro]] to Z p [[7ro]]. The lemma now 
follows from the equality 

[ det(l - | B/Z p [[irTS]]) = det(l - <B b s b \ B/Z p [[tt^]]). 
C=i 

□ 

Theorem 6.2. The T-adic Newton polygon o/det(l — ty b s | S/Z 9 [[7r"D]]) is 
the lower convex closure of the points 

(m, ord T (c bm )), m = 0, 1, • ■ • . 

Proof. By the last lemma, the T-adic Newton polygon of the power series 
det(l - V b s b | B/Z q [[-7TD}]) is the lower convex closure of the points 

(i,ord T (cj)), i = 0, 1,- • ■ . 

It is clear that (i,ordT(cf)) is not a vertex of that polygon if b \ i. So that 
Newton polygon is the lower convex closure of the points 

(bm, ord T (cbm)), m = 0, 1, • • ■ . 

It follows that the T-adic Newton polygon of det(l - V b s \ B /Z q [[ir~5]\) is 
the lower convex closure of the points 

(m,ord T (c bm )), m = 0, 1, • • • . 
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□ 

We now prove Theorem 11.121 which says that 

T - adic NP of C f (s, T) > ord p (g)p A if P > 3D. 

Proof of Theorem M.lSX Combine the last theorem with the T-adic Dwork's 
trace formula, we see that the T-adic Newton polygon of Cf(s, T) is the lower 
convex closure of the points 

(m, ord T (o, m )), m = 0, 1, • • • . 

The theorem now follows from the estimate 

ord 7r (c fem ) > bp Aim). 

□ 

We now prove Theorem II .111 which says that 

PA>(p-l)H% 

with equality holding at the point Vol(A). 

Proof of Theorem We assume that A = [0, d] . The other cases can 
be proved similarly. It suffices to show that 

PA > (p~1)Ha on M 
with equality holding at the point d. Let < m < d. We have 

.(p - l)a. 

0<a<m 

= E (Pji-r~i+ mo- M®)) 

0<a<m 

= E E (^<-^)( a ) 

l<a<m l<a<m 

= E [?]+ E (*<-*0(«) 

l<a<m l<a<m 

l<a<m l<a<m l<a<m 

d{^}>m 

= (p-l)^(m)+ E ^" E {^} + #{l<a<m|d{^}>m}. 

l<a<m l<a<m 

In particular, we have 

p A (d) = (p-l)H%(d). 

Note that 

E 5" E {^} + #{l<a<m\d{^}>m} 

l<a<m l<a<m 



pam= e (r^V^i-^(«)) 
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>-Z \- £ f^°- 

l<a<m l<a<m 
d{!f}<m 

It follows that 

PaH > (p-l)F^(m). 

□ 

Theorem 6.3. Ze£ A(s,T) be a T-adic entrie series in s with unitary con- 
stant term. IfOj^ \t\ p < 1, then 

t - aalic NP of A(s, t)>T- adic NP of A(s, T), 

where NP is the short for Newton polygon. Moreover, the equality holds for 
one t if and only if it holds for all t. 

Proof. Write 

oo 

A(s,T) = Y,a i (T)s i . 

i=0 

The inequality follows from the fact that Oj(T) £ Z g [[T]]. Moreover, 
t - adic NP of A(s, t) = T - adic NP of A(s, T) 

if and only if 

ai (T)eT e Z q [[T]]* 

for every turning point (i, e) of the T-adic Newton polygon of A(s,T). It 
follows that the equality holds for one t iff it holds for all i. □ 

Theorem 6.4. Let f(x) = Yl ( a uX u , 0, 0, • • • ), and p > 3D. If the equality 

■K m - adic NP ofC f (s,ir m ) = ord p (g)p A 
for one m > 1, then it holds for all m > 1, and we have 
T — adic NP of Cf(s,T) = ord p (q)p&. 
Proof. This follows from Theorems 14.11 and 16.31 □ 
Theorem 6.5. Let f(x) = £ (a u x u , 0, 0, • • • ). Then 

■K m - adic NP ofC f (s,K m ) = oid p (q)p A 

if and only if 

K m - adic NP of Lf(s,K m ) = oid p (q)pA on [0,p m ~ 1 Vol(A)]. 

p m-l d 

Proof. Assume that Lf(s,n m ) = (1 — flis). Then 

oo oo p m ~ 1 d 

C f (s,7r m ) = l[L f (<fs,x m ) = H H (l-frfs). 

3=0 j=0 i=l 
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Therefore the slopes of the q-adic Newton polygon of C/(s,7r m ) are the 
numbers 

j + ord ? (A), 1 < i < P m_1 Vol(A), j = 0, 1, • • • . 
One can show that the slopes of p A are the numbers 

j(p - 1) + PA (i) - p A (i - 1), 1 < i < p^Vo^A), j = 0, 1, • ■ ■ . 

It follows that 

7r m - adic NP of Cf(s,ir m ) = oid p (q)p A 

if and only if 

■K m - adic NP of L f (s,ir m ) = ord p {q)p A on [0,p m_1 Vol(A)]. 

□ 

We now prove Theorems I1.13[ 11.141 and II. 151 By the above theorems, it 
suffices to prove the following. 

Theorem 6.6. Let f(x) = (a u x u , 0, 0, • • • ), andp>3D. Then 

7Ti — adic NP of Lf(s,TTi) = ord p (q)p A on [0,Vol(A)] 
if and only if H((a u ) ueA ) / 0. 

Proof. It is known that the g-adic Newton polygon of L/(s,7Ti) coincides 
with H 1 ^ at the point Vol(A). By Theorem ll.lll p A coincide with (p-l)H^ 
at the point Vol(A), It follows that the 7Ti-adic Newton polygon of Lf(s, tti) 
coincides with ord p (q)p A at the point Vol(A). Therefore it suffices to show 
that 

71"! — adic NP of Lf(s,iri) = ord p (q)p A on [0, Vol(A) — 1] 

if and only if H((a u ) u( z A ) / 0. 
From the identity 

oo 

C/0,7ri) = JjL/(cps,7ri), 

j=Q 

and the fact the g-adic orders of the reciprocal roots of Lf(s,7Ti) are no 
greater than 1, we infer that 

TTi - adic NP of L/(s,tti) = tti - adic NP of C/(s,7ri) on [0,V61(A) - 1]. 

Therefore it suffices to show that 

tti - adic NP of C/O.tti) = ord p (q)p A on [0, Vol(A) - 1] 

if and only if H((a u ) ueA ) ^ 0. The theorem now follows from the T-adic 
Dwork trace formula and Theorems 14.11 and 15.51 □ 
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